Jędrzejczak et al. (2018) constructed a confidence interval for a ratio of quantiles coming from the Dagum distribution, which is frequently applied as a theoretical model in numerous income distribution analyses. The proposed interval is symmetric with respect to the ratio of sample quantiles, which result may be unsatisfactory in many practical applications. The search for a confidence interval with a smaller length led to the derivation of the shortest interval with the ends being asymmetric relative to the ratio of sample quantiles. In the paper, the existence of the shortest confidence interval is shown and the method of obtaining such an interval is presented. The results of the calculation show a reduction in the length of the confidence intervals by several percent in relation to the symmetric confidence interval.
Introduction
One of the measures of income distribution inequality is income quintile share ratio, also called S80/S20 ratio (Eurostat Regional Yearbook, 2016) . It is calculated as the ratio of the fourth quantile of an income distribution to the first one, i.e. income quintile share ratio can be defined as r 0.2,0.8 = F −1 (0.8)
where F denotes the cumulative distribution function of income. Natural point estimators of the ratio r 0.2,0.8 can easily be obtained as ratios of the corresponding sample quintiles. Statistical properties of such estimators are dependent on the form of quantile estimators which are implemented (see: . In addition to point estimation, in the analysis of income distribution, the interval estimation of different inequality measures is also considered. In Pasquazzi (2009, 2010) , parametric and non-parametric Dagum confidence intervals for Gini and new Zenga inequality measures were derived and compared. constructed a confidence interval for the ratios of quantiles, assuming that the Dagum distribution as an income distribution model. Also in this paper we confine ourselves to the Dagum (1977) distribution as a probabilistic model for a population income. This distribution has widely been applied in income inequality analysis in many countries all over the world as it is very flexible and usually well fitted to empirical distributions in different divisions. Here, we consider a more general set-up, namely a confidence interval for a ratio of α and β quantiles is taken into regard. Jedrzejczak et al. (2018) constructed a symmetric confidence interval, i.e. the confidence interval for which the risks of underestimation and overestimation are the same. The current study is dedicated to the problem of construction of the shortest confidence interval.
In the second section the Dagum distribution is presented while in the third section the shortest confidence interval is derived. Unfortunately closed formulae turned out to be not available. Some numerical results are given in the fourth section. In the last section conclusions and final remarks are presented, as well as the suggestions of future research topics
The Dagum Distribution
The Dagum distribution is often used in the analysis of personal (or household) income and wages, as it is usually well fitted to empirical distributions in different countries. It can also be successfully applied for different subpopulations obtained by means of splitting up the overall sample by socio-economic group, region, gender or family type Jędrzejczak 2017) . The estimates of its parameters are utilized to assess many important income distribution characteristics, including numerous variability, inequality, poverty and wealth measures, as well as concentration curves.
Consider a Dagum distribution with parameters a > 0, v > 0 and λ > 0. Its cumulative distribution distribution (CDF) and probability density function (PDF) are as follows
Its quantile function equals
The Shortest Confidence Interval
Among income distribution characteristics the important role play the measures based on quantiles. Simple dispersion ratios, defined as the ratios of the income of the richest quantile over that of the poorest quantile, usually utilize deciles and quintiles, but in principle, any quantile of income distribution can be used. A version of the decile dispersion ratio using the ratio of the 90ty over the 40th percentile (the ratio of the richest 10% divided by the poorest 40%'s) which has recently become popular is the so called Palma Ratio (Palma, 2011) Another popular inequality measure based on quantiles (deciles) is the coefficient of maximum equalisation, also known as the Schutz index or the Pietra ratio. Let 0 < α < β < 1 be given numbers. We are interested in estimation of ratio of quantiles
Since we are interested in the estimation of the ratio r α,β of quantiles, we reparametrize the considered model. It can be seen that
The CDF of the Dagum distribution may be written in the following form
for x > 0 and a > 0, r α,β > 0 and λ > 0. Let X 1 , . . . , X n be a sample and let X 1:n ≤ X 2:n ≤ · · · ≤ X n:n be order statistics. Let r * α,β = X ⌊βn⌋+1:n X ⌊αn⌋+1:n (here ⌊x⌋ denotes the greatest integer not greater than x) be an observed quantile ratio. It is assumed that the sample size n is large, i.e. it is assumed that n → ∞.
From David and Nagaraja (2003) and Serfling (1999) it follows that r * α,β is strongly consistent estimator of r α,β , for all a, v, λ. Also, it follows (Serfling 1999, th. 2.3.3; David and Nagaraja 2003, th. 10 .3 and application of Delta method, see e.g. Greene 2003, p. 913 ) that for 0 < α < β < 1 the estimator r * α,β is asymptotically normally distributed, i.e.
where
(for theoretical details see ). Let δ be the given confidence level. We have (the scale parameter λ is omitted)
where δ ≤ δ 1 ≤ 1 and u γ is the γ-quantile of N(0, 1) distribution. Let
, where z γ (a) = √ n uγ w (a) and W (·) is the Lambert W function (see Appendix 2). The confidence interval for r α,β at the confidence level δ has the form (EoCI (δ 1 ) ; EoCI (δ 1 − δ)) .
The confidence interval with δ 1 = (1 + δ)/2 is the standard one, i.e.
The length of the confidence interval is a function of δ 1 :
We want to minimize L (δ 1 ) with respect to δ 1 .
Lemma.
is decreasing for a > 1; is constant for a = 1; is increasing for 0 < a < 1.
Proof. To obtain the thesis it is enough to observe that function W (z) is increasing for z > e −1 and it is convex. These properties as well as other interesting properties of the Lambert W function may be found in Corless et al. (1996) .
Theorem. There exists δ 1 which minimizes L (δ 1 ).
From continuity of EoCI(·) we obtain the thesis.
Note that for δ 1 = δ and δ 1 = 1 we obtain one sided confidence intervals.
Numerical results
The analytical form of δ 1 minimizing the length of the confidence interval for quantile ratios of the Dagum distribution cannot be obtained but it can be found numerically. In Appendix 1 there is given a short code in R-project language for finding the minimal length confidence interval. Exemplary numerical results are given in Tables 1 and 2 for n = 1000 and δ = 0.95. In particular, Table 1 summarizes the results of the calculations obtained for α = 0.2 = 1 − β while in Table 2 the results for α = 0.1 = 1 − β are presented. In columns entitled short and standard there are given appropriate interval lengths and the last column contain the corresponding length reductions which can be considered the precision gains obtained by means of the proposed estimation method. Note that 1 − δ 1 is the risk of underestimation while δ 1 − δ is the risk of overestimation (for standard confidence interval both probabilities are equal to (1 − δ)/2 = 0.025). 
Conclusions
One of the crucial problems in socio-economic research is estimation of income distribution inequality which can be evaluated, among others, by the ratio of appropriate quantiles of an income distribution. Such an approach is very convenient for practitioners, as the inequality measures based on quantiles are easy to obtain and have straightforward economic interpretation. In an asymptotic confidence interval for a ratio of quantiles was constructed.
In this paper we constructed the shortest confidence interval. We confined ourselves to the Dagum distribution which was assumed as an underlying income distribution model throughout the paper. It was just because this distribution presents good statistical properties required for income distribution models and is widely applied in numerous empirical analyses. The confidence interval we constructed is asymptotic but in the real-world experiments on income and wage distributions thousands of data are available. Numerous simulation studies performed in Zielinski et al. (2018) revealed that under the Dagum model the sample size n = 1000 is large enough to do asymptotics.
The empirical analysis of the lengths of c.i. for quintile and decile ratios confirmed a reduction in the length of the proposed confidence interval by several percent with respect to the symmetric one. It is worth noting that the observed length reduction has strictly been related to the statistical characteristics of the Dagum distribution, namely its dispersion and inequality. The greater income inequality is observed the smaller the precision of interval estimation can be expected and the more reduction you can get due to the new approach. Therefore, the proposed shortest confidence interval can be applied in various income, wage and expenditure analysis, wherever we can successfully utilize the Dagum distribution. Because nowadays it is easy to calculate the shortest c.i. hence these intervals can be recommended for practical use. In the future, further investigations on confidence intervals for income inequality and poverty measures, involving different probability distributions, seem useful.
Appendix 1
An exemplary R code for calculating the confidence interval is enclosed. (1-Leng(rsample,n,alpha,beta,asample,ss)/Leng(rsample,n,alpha,beta,asample,stlev)),"%"), quote = FALSE) print(c(" standard c.i.:",TheEnd(rsample,n,alpha,beta,asample,kryt(lev+stlev)), TheEnd(rsample,n,alpha,beta,asample,kryt(stlev))), quote = FALSE) print(c(" shortest c.i.:",TheEnd(rsample,n,alpha,beta,asample,kryt(lev+ss)), TheEnd(rsample,n,alpha,beta,asample,kryt(ss))), quote = FALSE)
